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An addition and product formula for the Hahn Exton g-Bessel function,
previously obtained by use of a quantum group theoretic interpretation, are proved
analytically. A (formal) limit transition to the Graf addition formula and corre-
sponding product formula for the Bessel function is given. #1995 Academic Press, Inc

1. INTRODUCTION

A classical result for the Bessel function
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is the addition formula
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| ye*¥| < |x|, due to Graf (1893), cf. [19, Sect. 11.3(1)], for general v and
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due to Neumann (1867) for v=0, cf. [ 19, Sect. 11.2(1)]. In the case ve Z;
the conditions on x, y in (1.2} can be removed.

Several g-analogues of the Bessel function (1.1) have been studied. The
oldest g-analogues have been introduced by Jackson in 1903-1905, cf. the
references in Ismail [4]. The g-Bessel function studied in this note is
the so-called Hahn-Exton g¢-Bessel function which has been introduced by
Hahn (1949) for a special case and by Exton (1978) in full generality;
cf. references in Koornwinder and Swarttouw [13].

The Hahn-Exton g-Bessel function is defined by

x4+ 1.

LT 0
J(z;9)=z Wlwl qH];q,q:2 ) (1.3)

Here g€(0,1), (a;9)o=1, (a;q)=T1/24(1—aq’) for keN, (a;9),. =
lim, , . (a; q),, and the g-hypergeometric function is defined by

a,,a,, .., a, ">
O\ b, b, 0 PF
- (all;q)k (a?_‘;q)k"'(ar';q)kZk((__l)kq(l/l)k(k‘”)(s—r+l).
k=0 (q’ q)k (bl’q)k'”(bs’ q)k

The notation for g-shifted factorials and g-hypergeometric series is taken
from the book by Gasper and Rahman [3] to which the reader is referred
for more information on this subject.

The goal of this note is to prove the formula

J(Rg"0 N g) I (g% q)

= Z Jk(Rq(l/Z)(X+y+k); q) Jv+k(Rq(l/2\(y+k+v); q)JX(q(l/Z)(Z—kl;q).
k= -

(1.4)
This formula is valid for zeZ, R, x, y, ve C satisfying g'*+¥>+%» |R|?
<1, R(x)> —1, and R#0.

The formula (1.4) has originally been derived for v, x,ye Z, R>0 by
Koelink using the interpretation of the Hahn-Exton g-Bessel function as
matrix elements of irreducible unitary representations of the quantum
group of plane motions, c¢f. [7, Sect. 6]. This quantum group theoretic
interpretation of the Hahn-Exton g-Bessel function is due to Vaksman and
Korogodskii [ 16]. The quantum group theoretic derivation of (1.4) in [7]
is modelled on the group theoretic derivation of Graf’s addition formula
(1.2) as presented by Vilenkin and Klimyk [ 18, Sect. 4.1.4(2)], so we call
(1.4) a g-analogue of Graf’s addition formula for the Hahn-Exton g-Bessel
function.
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In Section 4 we present a (formal) limit transition of (1.4) to (1.2) as ¢
tends to 1. The approach employed is based on a theorem presented by
Van Assche and Koornwinder [ 17] which has been used to show that the
addition formula for the little g-Legendre polynomial [12] tends to the
addition formula for the Legendre polynomial. The case v=0, R=¢~ "2 of
the addition formula (1.4) can be obtained by taking a (formal) limit in
Koornwinder’s [ 12] addition formula for the little g-Legendre polynomials
using the limit transition of the little g-Jacobi polynomials to the
Hahn-Exton g¢-Bessel function, cf. [ 13, Prop. A.1].

Kalnins et al. [6] have given another derivation of the addition formula
(1.4). They consider representations of the Lie algebra of the group of
orientation and distance preserving motions of the plane. Instead of
exponentiating the representations using the exponential function, they use
a g-analogue of the exponential function. In a particular case the matrix
elements can be expressed in terms of the Hahn-Exton g-Bessel functions.
They give a decomposition of the tensor product (not the standard tensor
product, but one closely related to quantum groups) of two representations
and the corresponding Clebsch-Gordan coefficients are in terms of the
Hahn-Exton ¢-Bessel functions. Comparison of matrix coeflicients yields
the addition formula (1.4).

More results on Graf-type addition formulas for the Hahn-Exton
g-Bessel function, the Jackson g-Bessel function, and other g-analogues of
the Bessel function can be found in [1, 2, 5-9, 13].

We start the proof of the g-analogue of Graf’s addition formula (1.4) for
the Hahn—Exton ¢-Bessel function by proving the product formula

(_ 1 )m q—(l,e’Z)me(Rq{l,r’2)(,\ +y); q) Jyfn]( Rq”"’z” r+v——ml; q)
- Z q:JV‘k(q(l,/Z)(m+:); q) fov(q(m):; q) JV(Rq(LQN |‘+v+:); q) (15)

valid for me Z, R, x, y, ve C satisfying R(x)> —1, g' " +HH0 RI2 <,
and R#0. This is done in Section 2. The proof of the addition formula
(1.4) is a direct consequence of (1.5) as is shown in Section 3. The product
formula in the case v=m=0, R=¢ "2 is mentioned (without proof) by
Vaksman and Korogodskii [ 16, p. 177].

In Section 5 we will show that (1.5) is a g-analogue of the product
formula for Bessel functions,

J (’()J ( ')——I-—JZMJ (\/\‘2+ '2—2\‘)’C0S l//) <£ﬂ>wzehnw dw
V4 m\- mh 27[ o n p ) X x_ye‘_w )

(1.6)

The product formula is a direct consequence of Graf’s addition formula (1.2).
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2. PrROOF OF THE ProDUCT FORMULA

In this section we present an analytic proof of the product formula (1.5).
The proof uses two known formulas for the Hahn-Exton g-Bessel function
previously obtained by Koornwinder and Swarttouw [13] and Swarttouw
[14].

The proof starts with the following formula, valid for |sxy| <1 and
melZl,

'm(sflxy—l.’q)w (qm+l;q)oo qms—lxy—l,sflyx—l. o
¥ (qms—lxy~];q)‘x\ (q,q)x 2¥1 qm+1 . q, y
S e D 0 it s
= Z 5T —— 1210 2.4, 9 rerd
il (4 9) y
(x5 9) (0 -+,>
X sg gt 21
X (4:9) - 191 X2 q,9 (2.1)

cf. [13, (4.5), (2.3)].
In (2.1) we take x=g'"P>"+D 5= g2+ apd 5= gl/2v+n for
nel, to get

—Vv—n.

Do (@7 @) o <q'"‘”"’,q‘"
2@

(1/2y mx (q . x4+n+1
qm+l 49

(@"7"7"9) (4, 9)

q
— Z qz(n+l+(1‘/2)V)Jx(q(l/2)(m+z); q) Jx_v(q(l/Z)z; q) (22)

valid for meZ, veC, R(x)> —1, and all neZ,. In (2.2) we use the
notation (1.3).
Multiply both sides of (2.2) by

t. 1/2) n(n + 1
(qv+ ’q)oo “/2”“*—},](_1)»1 q( /2)n(n+1)

(9 9) = (@5 ). (4 9),

qnl,\'+ V)Rv+2n

and sum from n=0 to co. After interchanging the summations over z€ Z
and ne Z , , which is justified for R(x)> —1 and ¢!+ FO+R | RI2 <], cf.
Proposition A.1, we find
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Z q:J,x(q(l'/Z)('n+:); q)‘]va(q(l/z)z; q)Jv<Rq(l‘/2)()‘+v+:); q)

m+ 1. v+ 1.

2y (G 1 4)x (g ’q)aoqu/z)v1v+y)Rv
CHC P CH

=49

e 7u—n; ) _1 n (1/2Yyn(n+1)
- (qmvvmqu ( v+)1 q
ol s (47759 (q5 q),
an(}'-+-v)R2nz¢l <q m+’1q i q, q,\-+n+l>‘ (23)
q
We use for meZ, neZ .,
(‘IV+1§ q)x (q7V7,,; q)a: :(_l)m q(l,/2)m(m~l)fm(v+n) (q"*'"+]; q)x
(@S (" P (@~ "N,
to see that the right-hand side of (2.3) can be rewritten as
(—1)" qfll;’Z)m (q'"H; q) (qv_mﬂ; q) x q(l,/z)(vfm)(vém-f—yi+1l,“‘2)m(.\'+vl')Rv
(@)= (4, 9)
or (_l)n q(l/Z)n1n+1) . qm—v—n, qfn
% — qn}+v——m)R2n @ . i q, x+n+1 )
EO (@ """ ). (g 9)n e gm*! “q

(2.4)

Now we apply the product formula for the Hahn-Exton g¢-Bessel func-
tion, cf. [14, (3.1)], which is valid for a, b, x, u, ve C provided abx #0.
Explicitly,

(qv+ l; q)oo (qﬂ+ l; q)OC avb,uxIJ+,u
(¢;9)c (4:9)

x (_1)" (bx)Zn q(1/2)n(n+ 1)

x Z n+1.

n=20 (q > q)n (‘L q)n

Jlax; q) J (bx; q)=

qfn,qan,u e a2
xz%( e ;q,‘I”*'p) (2.5)

From (2.5) we see that (2.4) equals
(_ l )m qfl l,/2)me(qu l/2)(x+y); q) Jv7m(Rq(l/2)(_v+ v—m); q)

’

which proves the product formula (1.5).
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3. PROOF OF THE ADDITION FORMULA

The proof of the addition formula (1.4) uses the orthogonality relations

Z qm+:Jx(q(1/2)(z+m); q)Jx(q(l/Z)(l-f-m); q)zéz,ls (31)

m= — o

for z,le Z, R(x)> —1; cf. [13, (2.11)]. In [13, Sect. 3] it is shown that
(3.1) can be viewed as a g-analogue of the Hankel transform (or the
Fourier-Bessel integral).

Multiply both sides of the product formula (1.5) by ¢g™J (g +™; g)
for /e Z and sum over m from — oo to co. We interchange the summations
over meZ and zeZ, which is allowed for R(x)> —1, g' +F=+R0Y | R|2
< 1; cf. Proposition A.2. An application of the orthogonality relations (3.1)
and replacing m by —m yields

JV(Rq(l/Z)(.v+I+ v); q) ‘]x——v(q“/zw; q)

— i (_ 1 )m q‘(l/Z)mJ_m(Rq(l/2)(x+y]; q)

m= —oc

X Jv+m(Rq(1/2)(y+m+V); q) Jx(qfl/z)(I*M); q)

Since J_,(z;q)=(—=1)"qgV2"J (z¢"*" q), neZ (cf [13, (2.6)]), the
addition formula (1.4) is proved.

4. THe LimiTt CASE ¢11 OF THE ADDITION FORMULA

In this section we present a (formal) limit transition of the g-analogue of
the addition formula (1.4) for the Hahn-Exton g¢-Bessel function to Graf’s
addition formula (1.2) for the Bessel function.

First we recall the g-gamma function, cf. [3, Sect. 1.10],

(4 9) e - .
r(zy=—"m"=(1-— i lim " (z)=11(z). 41
(= (1-9) lim (=) = 1) (1)
The g-gamma function can be used to see that (formally)

Ligl Jz(1 —-4)/2; q) = J (z). (42)

See [ 13, Appendix A] for a rigorous limit result of this type.
In order to obtain Graf’s addition formula (1.2) from (1.4) as g1 we
have to consider the quotient of two Hahn-Exton g-Bessel functions, which
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we rewrite as an infinite sum of quotients of two Hahn-Exton g-Bessel
functions of equal order. Explicitly,

{120z~ k)
JAq "1) PUCIIERS Z (g5 Dm g

T, (g% q) o (4 @)m
J‘7v(q(l‘/2)l k+m)’ q)
* RUEET (43)

Note that the Hahn-Exton ¢-Bessel functions on the right hand side of
(4.3) only differ in the argument by a (half-)integer power of g. Equation
(4.3) holds for J, _(¢'""®*; q)#0 and R(x —v) > — 1. It can be proved by
substituting the series representation (1.3) for the Hahn-Exton g-Bessel
function J, , in the nominator on the right-hand side of (4.3), inter-
changing summations, and using the g-binomial formula.

The limit ¢T1 in (4.3) can be taken with the help of the following
proposition. The proof of the proposition is an easy adaptation of the proof
of [ 17, Theorem 1], which we will not give.

PROPOSITION 4.1. Suppose {p,(x;n)|keZ, ,neN} is a series of
functions satisfying a recurrence relation

(X )= @ Pro (X3 0) + b apr(xin) Fagpii(x;n)  (44)
with a, ,>0, b, ,eR, and initial conditions py(x;n)=f(x;n), p(x;,n)=

glx; n). Assume that the ceros of p,(x;n) are real for all kel , and all
ne N and that

Pi—1(x,n)
Pilx;n)

<5, VkneN, (4.5)

uniformly for xe K for any compact subset K of C\R with d(K, R)> .
Moreover, assume that

lim a,,=A4>0, lim b6, ,=BeR,
"o n— o0
R .
lim af ,—a; ,,=0, lim b, ,~b,_,,=0,

"oy "n— oC

uniformly in k.
Then we have

. pn+l(x;n) ,\'2—3
| _ 4.6
n l{r}k pu(x; n) p ( 2A > ( )
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uniformly on compact subsets of C\R with p(x)=x+\/x2—1 (and the
square root is defined by {p(x)| > 1 for x¢ [ —1,17).

Next we apply Proposition 4.1 to

pe(xsn)= (=1 g~ 25T, o(xq= 2K g) (4.7)

with g replaced by ¢’ for a fixed ce (0, ). We assume a>0 and f> —1,
so that all zeros of p,(x; n) are real by [ 10, Corollary 3.2]. It follows from
the second order g-difference equation for the Hahn-Exton g-Bessel
function, cf. [ 15, (17), (18)], that (4.4) is satisfied with

k—(1/2 2
ak‘”=q (1/. )+na+(l/2)ﬁ’ bk,n=qk(1 +q na+/})’

and g=c'" Then the conditions on the coeflicients a, , and b, , of
Proposition 4.1 are easily verified. Moreover, A=c'**>0 and B=
c(1 + ¢*)eR. It remains to prove that (4.5) holds.

LemMma 4.2, With p,(x;n) defined by (4.7) for «>0 and fi> —1, the
estimate (4.5) holds.

Proof. Consider the Wall polynomials for 0 <b <1,
(b; q) (q”, 0 )
Px; by ) =(=1)” /——L g x ).
Wp(x q) ( ) b‘p(q, q)pil(p] b q, X
From [17, (2.5) and Corollary 1] we get for pe N

w,,”(x;b;q)’ <q" b(1 —g”7)(1 —bq”“)<q"\/l;
w,(x; b; q) h =

J o'

for all xe K’, K’ compact in C\[0, 1], é'=d(K’, [0, 1]). Replace b, x by
g“*', y?¢” " and take the limit p — oo. The Wall polynomials tend to the
Hahn-Exton ¢g-Bessel function uniformly, cf. [ 13, Proposition A.1], and we
get

—(L/2)ym,

Jyq ) |
J(yg Py S s

m+(1/2yu
q 2

u>—1 (4.8)

for all ye K, K a compact set of C\R with §=d(K, R). The required
estimate (4.5) for p,(x;n) defined by (4.7) follows from (4.8). |

Consequently, by Proposition 4.1,

Jzna+/i(xc~l"/2nc71/2; Cl/n) 1 C(l _+_C2a)_x2

e e e I T

lim
"o o0 S o 1 gl xC

(4.9)
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In (43) we replace x, z, ¢ by 2na, 2ny, ¢!, and we take n — oo. Iterating
(4.9) and interchanging limit and summation shows that (4.3) tends to

¢y @;ﬂc”’“p"""’:c”’p"'(l —cphHY (4.10)
i, m!
with p+1/p=(1+c*—c?)/c*, v<1, and ¢’e C\R. Interchanging limit
and summation can be justified using the estimate (4.8), [11, Lemma A.1],
and dominated convergence.

Finally, divide both sides of the addition formula (14) by
J. (g q). Replace x, z, g by 2na, 2ny, ¢'™ as before and y, R by 2an,
R(1—gq)/2. Take n— oo and use (4.2), (4.10) to see that (1.4) formally
tends to

Y PRSI, (Re = 71— p = ™) J (R ),
k= —oo

which is easily rewritten as Graf’s addition formula (1.2) for the Bessel
function.

5. THE LimiTt CASE ¢ 11 OoF THE PRODUCT FORMULA

A (formal) limit transition of the product formula (1.5) for the Hahn-
Exton g-Bessel function to the product formula (1.6) for the Bessel function
is presented in this section.

We first rewrite the product formula (1.5). Use J,(z;q9)=
(—ymg=2my (g7 "P™ g), replace m by —m, and use the formula

e @7 D 4 2k
J"_V(:;q)zzfu ql\H+(l/2)x)JX(:q1I/2]l\;q)
Eo (q;9)

for R(x)> —1, and the notation [ f(z)dm ()= __ ¢ f(q"""®*) to
write (1.5) as

quV+m(Rq(I/2)<y+ v+m); q) Jm(Rq(l/Z)(.\-+y+m); q)

o — V.
_ (q 19k k(L4 (1/2)x)

S @9k

X[ 2 ARG g) T =g B g) (26 ) dim(2)

(5.1)
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In order to calculate the limit of the integral on the right-hand side of

(5.1) we assume x=2na, g=c'" for >0, ce(0, 1), so that we can use
(4.7) (with #=0) to find for reZ

L 2T (2q ™7 g) T (2qPF; q) dm f2)

- ( _1)m+k C(I/Zn)(mfk)c-rc~(k/n)r

x JO 2P ema (23 0) p (25 1) dn(2), (5.2)

by shifting the summation parameter. The orthogonality relations (3.1)
imply

| petzim pitzim) dmoan(z) =0y,

Repeating the first part of the Proof of Theorem 2 of Van Assche and
Koornwinder [ 17] results in

lim jo 2P (23 1) Pryalz3 ) dimn(2)

L STl BpA)

= = dz (5.3)
8-24 . /44°—(z— B)

T

for nkeZ,, A=c'™* B=c(1+c¢*) (as in Section4) and Ty (cos8)=
cos k@ is the Chebyshev polynomial of the first kind of degree 4.

In (5.1) we replace R, x, y, and g by 3$R(1 —gq), 2na, 2np, ¢'”
use (4.2), (5.3), (5.2) to see that (5.1) (formally) tends to

, and we

Jy s m(Re") T, (Rc*™7)

e (Ve o _yk+m
_g k! (=D

. @WMJ <Rc”\/> el LB 0 (sa)
B—24 \C ' 44*—(z—BY - ~

as n— oo. In the integral on the right hand side of (5.4) we replace
{z— B)/2A4 by cos s, so that the right-hand side of (5.4) equals

1 - <_v)k ak m+k " 3 20y —(1,/2)v
ﬂ,‘:o—k!-c (-1 J._n(2c cosy + 1+ %)

X J(Rc" J/2¢* cos Y + 1 +¢2) e MK+ gy, (5.5)

1

X
ot
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Replace by  + 7 in (5.5) and use the binomial theorem to see that (5.5)
equals

1

2n - 1 —¢* LAY
_j J‘,(R('”\/l+C2°‘-—2c°‘cosl//)( ( e’ ™)
0

1+ (,2u~ 2¢* cos l//)(l‘/Z)v

— iy l' .
2n ¢ W

(5.6)

Equating the left-hand side of (5.4) and (5.6) yields a formula equivalent to
the product formula (1.6).

APPENDIX: JUSTIFICATIONS

In the Appendix we investigate the absolute convergence of two double
sums occurring in Sections 2 and 3. The estimates used are based on the
estimates given in [ 13]. In particular, cf. [13, (2.4)],
(=¢""*, —q 12l

JAz; <|zv
Mz ) < |27 @D

(A1)

For integer order the Hahn-Exton g-Bessel function satisfies the estimate

(—q, —qlzzl;q)x{I, n=0;

2o g)| < |z , .
|Jn( ’CI)| I | (q’q)x q(]\sz),,(",],’ n<0, (AZ)

by [13, (2.4) and (2.6)]. A similar estimate also holds for the Hahn-Exton
g-Bessel function with integer or half-integer power of ¢ as argument
because of the symmetry, cf. [13, (2.3)],

gV q) = T4 g). (A3)

ProroSITION A.l.  The double sum

23 ( -1 )n q(l‘f‘Z)mn+ l)R anm »+v)

Z v+ 1,

n=0 (q ’q)n(q; q)n

o

X Z q:(n+ { HI’QMJX(C]( l‘c’Z)(m+:i; q) Jx\ v(q(l‘y’Z):; q)

= A

is absolutely convergent for meZ, R(x)> —1, |R|* g' * RO +9R 1,

Proof. Assume n =0 and use (A.2) and {(A.3) to estimate

o ~
Z |q:ln+ 1 +1l/2)v)Jx(q( l,c’2)(m+:); q) Jx— V(q(lg’2):; q)| < C Z q:(l + 1+ Rixn s C

z=0 z=0



¢-ANALOGUE OF GRAF ADDITION FORMULA 271

for R(x)> —1,VneZ _, and Cis a constant independent of n of which the
values may differ with each occurence. Consequently, the part 3% ¥ >
is absolutely convergent for R(x) > —1.

Similarly, we estimate

—m

Z qu(n+l+(1/2)v)JX(q(l/2](m+z); q) J.r_v(qll,"21:; q)|

= —oC

<C i qz(1~n—m+‘ﬁ(x~v))q:(:—l). (A4)
Shift the summation parameter to run from 0 to oc, estimate ¢g°“~! by
q'""?===V/(g; q), and use the , @, summation formula to see that (A.4) can

be estimated by

Cq~nm( _q‘}i(xAv)fn+ 1 +m; q)" < Cq—(l/Z)n(nf l]qn‘.R(x— v).

So the part 3% " _ is absolutely convergent for |R|? g!* T +%»
p 0 2uc x Y g q

e
<1

The remaining sum over z is finite and causes no problems. The case
m <0 is essentially the same. ||

PropPoOSITION A.2. The double sum

Z qux(qilIZ)(/+m); q)

m= — o

A

X Z quX(q(1/2)1m+z); q) foy(q“/z'z; q) JV(Rq(l/Z)(y+v+z); q)

is absolutely convergent for R(x)> —1, |R|? g! + R +RO) 1

Proof. First we estimate the inner sum over z as a function of m. For
the Hahn-Exton g-Bessel function of order x and x — v we use the same
estimates as before, and from (A.1) we get

[J(RgV/P+r+2) gy

1)
—2z —z(R(y+v)+ 1), —(1/2)z(z—1)
IR~ ¢q q

ta

0

8]

AN\

O.
2) R(v)z ?
S(q“/) (v) {

i}

where C is independent of m. Denote by S,,(1) the inner sum over z from
max(0, —m) to oo, then we find, using these estimates, for R(x)> —1,

q(l/Z)m‘R(x)’ m;o’
q—mr(1/2|m‘mx)’ mSO

|Sm(1)|<c{
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For S,,(2), the inner sum over = from — oo up to min(0, —m), we obtain

qmul,"2)‘ﬁl\')+ﬂi(r)) |R|2"', "120;
'S'"(z)l S C qf—iL"Q)m‘)i(‘(i+ll‘,"2)mtmfl)‘ ’"SO-
The remaining finite sum over = from min(0, —m) + 1 to max(0, —m) —1,
denoted by S,,(3), can be estimated by

q( l‘ﬂzym\m,\»)( 1— ( |R|2 q‘JKt y))m - l), m 0;
q —11“"2)'»19{1,\4’ 0

|Sn,<3>|<c{

N WV

m<0.

To estimate the double sum of the proposition we combine (A.2) and
{A3) to obtain an estimate on J (g"'?'*™): g). The sum m= — % to
min(0, —/) and the finite sum from m =min(0, —/) + 1 to max(0, —/)—~1
are absolutely convergent. The sum m=max(0, —/) to oc is absolutely
convergent for M(x)> —1 and ' "+ RI2 <1, |
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